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Electric ﬁeldsBased on the assumption that the elastic strain of electrostrictive materials is a higher-order small quan-
tity, this paper studies the 3D problem of an inﬁnite electrostrictive solid with a ﬂat elliptical crack which
is electrically permeable. According to existing solutions of similar problems in pure elastic materials,
with the displacement function method, we ﬁrst derived explicit expression for displacement potential
function and obtained stress ﬁeld near the crack and open displacement of crack surface. Then, the gen-
eral solution for the stress intensity factor was derived, and the corresponding solutions were also pre-
sented for a penny-shaped crack and a permeable line-crack as two special cases of the present
problem. Finally, numerical results were given to discuss the effect of environment at inﬁnity and electric
ﬁeld inside the crack on the stress-intensity factors.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Due to high sensitivity and quick response of piezoelectric
materials and electrostrictive materials, these smart materials
have been increasingly used in some important ﬁelds of engineer-
ing as switches and transducers. Micro-cracks and inclusions in
these materials are the major cause of mechanical failure, so frac-
ture analysis of piezoelectric and electrostrictive materials is of
practical signiﬁcance and attracts considerable attention. Stress
concentrations caused by mechanical or electric loads often lead
to crack initiation and extension, and sometimes fracture the com-
ponents. To improve the performance and to predict the reliable
service life of these smarts components, it is necessary to under-
stand and analyze damage and fracture processes taking place in
smart materials.
The 3D stress ﬁeld caused by an ellipsoidal inclusion, or partic-
ularly a penny-shaped crack in an inﬁnite piezoelectric body is of
great interest in the fracture of piezoelectric materials. Actually,
three-dimensional crack problems of piezoelectric materials have
attracted considerable attention in recent 20 years. With the aid
of the three-dimensional eigenfunction expansion method, Sosa
and Pak (1990) have investigated the case in which the crack front
is assumed to be straight and it is located along the transversely
isotropic axis of symmetry, and they have discussed the inﬂuence
of electric ﬁelds to the stress ﬁeld near the crack tip. Wang (1994)
has obtained the general solutions of governing equations to three-
dimensional axisymmetric problems in transversely isotropic pie-
zoelectric media and solved the problem of penny shaped cracksunder tensile loads. Moreover, Wang and Zheng (1995) and Wang
and Huang (1995) have also obtained the general solution of gov-
erning equations to three-dimensional problems in a transversely
isotropic piezoelectric medium and the general solutions ex-
pressed by the potential functions for quite arbitrary three-dimen-
sional problems in a transversely isotropic piezoelectric medium,
respectively. Wang (1992a) used the Green’s function method to
show that stresses and electric induction ﬁelds are uniform inside
a piezoelectric inclusion in an inﬁnite piezoelectric matrix if spa-
tially uniform remote loads are applied in the far ﬁeld. Wang
(1992b) also studied three-dimensional problems of a piezoelectric
material which contains a ﬂat elliptical crack. Using the Fourier
transform method, He (Wang, 1992b) derived the expressions for
the crack opening displacement, interaction energy and the stress
intensity factors, respectively. Kogan and Hui (1996) obtained the
exact closed-form solutions for the stress and induction ﬁeld of a
spheroidal piezoelectric inclusion in an inﬁnite piezoelectric
matrix subjected to spatially uniform mechanical and electrical
loadings far away from the inclusion. Then, closed-form solutions
are also obtained for the limiting case of a penny-shape crack as
a special case. Zhao et al. (1997a,b) obtained the fundamental solu-
tions for a unit concentrated electric potential discontinuity and a
unit concentrated displacement discontinuity in a three-dimen-
sional piezoelectric medium by Hankel transform. And then, He de-
rived the stress intensity factors for a circular crack in a
piezoelectric solid, and obtained the results for the penny-shaped
crack as an example. Pan (2000) derived three-dimensional Green’s
functions of point forces and point charge in anisotropic bimateri-
als based on the Stroh formalism. By considering the distinct
eigenvalues, Ding et al. (2005) presented the Green’s functions
for a two-phase inﬁnite magneto-electro-elastic plane (space)
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surface) by the trial-and-error method. Zhao et al. (2007) proposed
the hyper-singular boundary integral equation method of crack
analysis in three-dimensional transversely isotropic magnetoelec-
troelastic media. More recently, Zhao et al. (2013) derived
analytical solutions for a penny-shaped crack in 3D magnetoelec-
troelastic media based on the nonlinear models and using the ex-
tended displacement discontinuity method.
The theory of electrostriction was developed bymany scientists.
Stratton (1941) and Landau and Lifshitz (1960) obtained the
electrostrictive stress induced by electric ﬁeld in electrostrictive
media. The two dimensional linearized electroelastic analysis in
eletrostrictive materials was ﬁrst discussed by Knops (1963). Smith
and Warren (1966, 1968) derived the stress solutions in an electro-
strictive plate with an elliptical hole or a rigid disk. McMeeking
(1987, 1989) discussed more detail and gave an asymptotic expan-
sion of stress r22 with singularity r1/2 near the end of a narrow
elliptical defect. Kuang (2002) also discussed the electrostictive
force induced by electric ﬁeld. Ru et al. (1998) investigated the
electric ﬁeld induced interfacial cracking in multilayer electrostric-
tive actuators by using the small-scale saturation model. Beom
et al. (2006) analyzed the 2D problems of an impermeable crack
in an electrostrictive ceramic. Recently Jiang and Kuang (2004,
2007a,b) gave an extended version of the formulation of Knops
(1963) and Simith and Warren (1966, 1968) by considering the
Maxwell stresses produced by the applied electric ﬁeld, and then
studied 2D problems in an electrostrictive material containing an
elliptic rigid conductor, a crack and an elliptic in homogeneity,
respectively. And they also studied the stresses in a cracked inﬁnite
electrostrictive plate with locally saturated electric ﬁelds. More re-
cently, Gao et al. (2010a) discussed the effects of the Maxwell
stresses on crack propagation in electrostrictive solids by using
an elliptical cavity model, and then extended their work to the case
of collinear cracks (Gao et al. 2010b).
However, the electrostrictive elements in practical applications
often possess distinct geometric shapes and under complicated
load and constrained conditions. In many cases, they may be more
complicated than the cracks simulated as two-dimensional defects.
So it is signiﬁcant, both theoretically and practically, to develop
effective methods for three-dimensional problems in electristric-
tive materials and analyze the behaviors of three-dimensional
cracks under mechanical-electric loadings. To the author’s knowl-
edge, no work has been done on the three-dimensional problems
of electrostrictive solid.
In this paper, we studied the three-dimensional problems of a
ﬂat-elliptical and electrically-permeable crack in an electrostric-
tive solid based on the assumption that the elastic strain of the so-
lid is a higher-order small quantity. The organization of the paper
is as follows: In Section 2 we outline the basic equations. In Sec-
tion 3, we derived the general solutions for the static electric ﬁeld
inside and outside the ﬂat elliptical crack. Then, the stress-inten-
sity factor is obtained based on total stress near the crack border.
As special cases for the present problem, the stress-intensity
factors for a penny-shaped crack and a permeable line-crack are
discussed in detail. Numerical results are then presented in
Section 4 for the distribution of stress-intensity factor around the
crack border, in order to discuss the effects of environment both
inside the crack and at inﬁnity on fracture behaviors. Finally, Sec-
tion 5 concludes the present work.2. Basic equations
The basic equations given in this section can be found in the
works of Knops (1963) and Smith and Warren (1966, 1968), and
have been revised by Jiang and Kuang (2004, 2007a, b). In thefollowing, we only outline those equations to be used in the pres-
ent work based on the works of Jiang and Kuang (2004) and Kuang
(2008).
2.1. Constitutive and geometrical equations
For the isothermal and isotropic case, neglecting the terms of
piezoelectricity, the constitutive equations of electrostrictive
materials are (Landau and Lifshitz, 1960; Jiang and Kuang, 2004):
rij ¼ 2Geij þ kekkdij  12 ða1EiEj þ a2EkEkdijÞ; ð1Þ
Di ¼ ðedij þ a1eij þ a2ekkdijÞEj; ði; j ¼ 1;2;3Þ; ð2Þ
and the generalized geometrical equations are
eij ¼ ðui;j þ uj;iÞ=2; Ei ¼ u;i; ð3Þ
where rij, eij, Di and Ei are stress, strain, electric displacement and
electric ﬁeld intensity, respectively, a1 and a2 are two independent
electrostrictive coefﬁcients in isotropic materials. e is the permittiv-
ity at the undeformed state without any strain. dij is Kronecker del-
ta; G and k are Lame constants expressed in terms of Young’s
modulus E and Poisson ratio m by: k ¼ Em=½ð1þ mÞð1þ 2mÞ and
G = E/[2(1 + m)]. ui and u are displacement components and electric
potential function, respectively.
2.2. Equilibrium equations
Neglecting the external mechanical body force, the equilibrium
equations of electro-elastic material are (Jiang and Kuang, 2007a):
@rkl
@xl
þ f ek ¼ 0; ð4Þ
@Dk
@xk
þ q ¼ 0; ð5Þ
where f ek is body force induced by the electric ﬁelds, and q is free
charge density in the body, the repeated indices represent their
summation, and
f ek ¼
@rMkl
@xl
; ð5aÞ
rMkl ¼ eEkEl 
1
2
eEkEkdkl; ð5bÞ
where rMkl is the Maxwell stress.
Substituting Eq. (5) into the equilibrium equation (3), we
obtain:
@~rkl
@xl
¼ 0; ð6aÞ
where ~rkl is called as the total stress, which is deﬁned as
~rkl ¼ rkl þ rMkl : ð6bÞ2.3. Displacement function method for 3D problem
As shown in nonlinear equation (2), the strain will cause the
electric ﬁeld, especially at the tip of a crack where strain could be-
come singular. If, as it is usually assumed the strains are so small
that all nonlinear terms of Eq. (2) can be neglected and thus the
electric ﬁeld may be decoupled from the strain/stress problem
and obtained directly from the theory of electrostatics. Then, the
stress ﬁeld can be solved based on the known electric ﬁeld, in a
way similar to solving the problems of decoupled thermal stresses.
zx
y
ab
zE
∞
Fig. 1. A ﬂat elliptic crack in an electrostrictive solid under an electric load.
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reduced to:
Di ¼ eEi; ð7Þ
Ei ¼  @u
@xi
; ð8Þ
Di;i ¼ 0; ði ¼ 1;2;3Þ: ð9Þ
Substituting Eqs. (7) and (8) into (9) leads to
@2u
@x21
þ @
2u
@x22
þ @
2u
@x23
¼ 0: ð10Þ
On the other hand, in this case Eqs. (5b) and (1) can be rewritten
as:
Maxwell stresses rMij :
rMxx ¼ eE2x  12 eðE2x þ E2y þ E2z Þ
rMyy ¼ eE2y  12 eðE2x þ E2y þ E2z Þ
rMzz ¼ eE2z  12 eðE2x þ E2y þ E2z Þ
sMxy ¼ eExEy
sMzx ¼ eExEz
sMzy ¼ eEyEz
9>>>>>>=
>>>>>>;
: ð11Þ
Electroelastic stresses rij:
rxx ¼ keþ 2G @u@x  12 ½ða1 þ a2ÞE2x þ a2ðE2y þ E2z Þ
ryy ¼ keþ 2G @v@y  12 ½ða1 þ a2ÞE2y þ a2ðE2x þ E2z Þ
rzz ¼ keþ 2G @w@z  12 ½ða1 þ a2ÞE2z þ a2ðE2x þ E2yÞ
sxy ¼ G @v@x þ @u@y
 
 12 a1ExEy
szx ¼ G @u@z þ @w@x
  12 a1ExEz
syz ¼ G @w@y þ @v@z
 
 12 a1EyEz
9>>>>>>>=
>>>>>>;
; ð12Þ
where e ¼ @u
@x þ @v@y þ @w@z , and u, v and w are three displacement com-
ponents, respectively.
Substituting Eqs. (11) and (12) into Eq. (6b), we obtain:
~rxx ¼ keþ 2G @u@x  12 ½ða1 þ a2  eÞE2x þ ða2 þ eÞðE2y þ E2z Þ
~ryy ¼ keþ 2G @v@y  12 ½ða1 þ a2  eÞE2y þ ða2 þ eÞðE2x þ E2z Þ
~rzz ¼ keþ 2G @w@z  12 ½ða1 þ a2  eÞE2z þ a2 þ eÞðE2x þ E2y
 

~sxy ¼ G @v@x þ @u@y
 
þ e 12 a1
 
ExEy
~szx ¼ G @u@z þ @w@x
 þ e 12 a1 ExEz
~syz ¼ G @w@y þ @v@z
 
þ e 12 a1
 
EyEz
9>>>>>>>=
>>>>>>>;
: ð13Þ
Inserting Eq. (8) into Eq. (13) leads to:
~rxx¼ keþ2G@u@x 12 ða1þa2eÞð@u@xÞ
2þða2þeÞ @u@y
 2
þ @u
@z
 2  	
~ryy¼ keþ2G@v@y 12 ða1þa2eÞ @u@y
 2
þða2þeÞ @u@x
 2þ @u
@z
 2  	
~rzz¼ keþ2G@w@z  12 ða1þa2eÞ @u@z
 2þða2þeÞ @u@x 2þ @u@y 2
  	
~sxy¼Gð@v@xþ @u@yÞþðe 12a1Þ@u@x @u@y
~szx¼Gð@u@zþ @w@xÞþðe 12a1Þ @u@x @u@z
~syz¼Gð@w@yþ @v@zÞþðe 12a1Þ@u@y @u@z
9>>>>>>>>=
>>>>>>>>>;
:
ð14Þ
Substituting Eq. (14) into equilibrium equation (6a) and taking
symbol r2 ¼ @2
@x2 þ @
2
@y2 þ @
2
@z2, we have:E
2ð1þ lÞ
1
1 2l
@e
@x
þr2u
 
 ða1 þ a2Þ @u
@x
@2u
@x2
 1
2
a1
@u
@x
@2u
@y2
 1
2
a1
@u
@x
@2u
@z2
 1
2
a1 þ a2
 
@u
@y
@2u
@x@y
 ð1
2
a1 þ a2Þ @u
@z
@2u
@x@z
¼ 0;
ð15ÞE
2ð1þ lÞ
1
1 2l
@e
@y
þr2v
 
 ða1 þ a2Þ @u
@y
@2u
@y2
 1
2
a1
@u
@y
@2u
@z2
 1
2
a1
@u
@y
@2u
@x2
 1
2
a1 þ a2
 
@u
@x
@2u
@x@y
 1
2
a1 þ a2
 
@u
@z
@2u
@y@z
¼ 0;
ð16ÞE
2ð1þ lÞ
1
1 2l
@e
@z
þr2w
 
 ða1 þ a2Þ @u
@z
@2u
@z2
 1
2
a1
@u
@z
@2u
@x2
 1
2
a1
@u
@z
@2u
@y2
 1
2
a1 þ a2
 
@u
@x
@2u
@x@z
 1
2
a1 þ a2
 
@u
@y
@2u
@y@z
¼ 0:
ð17Þ
After u is determined according to given electric boundary con-
ditions, all the ﬁelds of stresses can be obtained (Knops, 1963;
Smith and Warren, 1966, 1968; Jiang and Kuang, 2004), and here
the ﬁnal results are outlined. Thus, for a given problem, the solu-
tion procedure consists of two steps: the ﬁrst is to solve the elec-
trostatic boundary-value problem for the unknown potential
function u, and the second is to solve the elastic boundary-value
problem to determine the ﬁelds of stresses. In addition, it should
be noted that when the electrostrictive solid is solely subjected
to mechanical loads, u = 0 and, as a result, Eqs. (12)–(17) degener-
ate to those for isotropic materials. Since the solutions for 3D prob-
lems of isotropic elastic materials were well studied by Green and
Sneddon (1950), we only consider the case where the material is
under electric loading in this work.3. Solution for a ﬂat elliptical crack
Consider a 3D electrostrictive solid containing a ﬂat elliptical
crack as shown in Fig. 1. Assume that the crack is electrically per-
meable and ﬁlled with gas or liquid having a dielectric constant ec,
and the solid is exposed to another gas having a dielectric constant
e1. Additionally, the solid is subjected to electric load E
1
z at inﬁnity.
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Since the crack is electrically permeable, the electric continuous
conditions on the interface require (Zhao et al., 2007):
Dzðx; y;0þÞ ¼ Dzðx; y;0Þ
Exðx; y;0þÞ ¼ Exðx; y;0Þ
Eyðx; y;0þÞ ¼ Eyðx; y;0Þ
9>=
>;: ð18Þ
According to Zhao et al. (2007), the applied electric ﬁeld has no
effect on the electric displacement before the plane crack de-
formed, so the electric displacement is uniform inside both the
crack and inﬁnite solid. Thus, the electric potential in the solid
can be expressed as:
uðx; y; zÞ ¼ E1z z: ð19Þ
Then, based on Eq. (5) the Maxwell stresses on the crack surface
and on the surface of the solid at inﬁnity are calculated by:
rMzz



0 ¼
1
2
e21
ec
ðE1z Þ2; ð20Þ
rMzz



1 ¼
1
2
e1ðE1z Þ2: ð21Þ3.2. Electro-elastic potential and stress intensity factor
As shown in Fig. 1, on the crack surface, the electro-elastic
boundary conditions are:
~rxz ¼ ~ryz ¼ 0 ðz ¼ 0; x2a2 þ y
2
b2
6 1Þ
~rzz ¼ rMzz



0 ðz ¼ 0; x
2
a2 þ y
2
b2
6 1Þ
9=
;: ð22Þ
The displacement boundary condition outside the crack is:
w ¼ 0; z ¼ 0; x
2
a2
þ y
2
b2
P 1
 
: ð23Þ
The electro-elastic boundary condition on the electrostrictive
solid at inﬁnity is:
~r1zz ¼ rMzz



1; ðz ¼ 1Þ: ð24Þ
Inside the solid, we have Ex = Ey = 0 according to Eq. (19). Thus,
Eq. (13) can be rewritten as:
~rxx ¼ keþ 2G @u
@x
 a2 þ e
2
E2z ; ð25Þ
~ryy ¼ keþ 2G @v
@y
 a2 þ e
2
E2z ; ð26Þ
~rzz ¼ keþ 2G @w
@z
 a1 þ a2  e
2
E2z ; ð27Þ
~sxy ¼ G @v
@x
þ @u
@y
 
; ð28Þ
~szx ¼ G @u
@z
þ @w
@x
 
; ð29Þ
~syz ¼ G @w
@y
þ @v
@z
 
; ð30Þ
where Ez ¼ E1z , substituting Eqs. (25)–(30) into Eq. (6), the equilib-
rium equations (15)–(17) can be rewritten as:
1
1 2l
@e
@x
þr2u ¼ 0; ð31Þ1
1 2l
@e
@y
þr2v ¼ 0; ð32Þ
1
1 2l
@e
@z
þr2w ¼ 0: ð33Þ
Eqs. (31)–(33) are just the same as in purely isotropic elastic
media, and there are many available general solutions for use. Here
we introduce the method of generalized displacement functions
and the details on the solution procedure are given in Appendix
A. A suitable displacement representation satisfying the equilib-
rium equations (31)–(33) and the symmetry requirement (22) de-
pends on the knowledge of a single potential function f(x, y, z) as
follows (Green and Sneddon, 1950; Kassir and Sih, 1966):
u ¼ ð1 2mÞ @f
@x
þ z @
2f
@x@z
; ð34Þ
v ¼ ð1 2mÞ @f
@y
þ z @
2f
@y@z
; ð35Þ
w ¼ 2ð1 mÞ @f
@z
þ z @
2f
@z2
: ð36Þ
Thus, inserting Eqs. (34)–(36) into Eqs. (25)–(30), the expres-
sions for the corresponding stresses are:
~rxx
2G
¼ @
2f
@x2
þ 2m @
2f
@y2
þ z @
3f
@x2@z
 a2 þ e
4G
ðEzÞ2; ð37Þ
~ryy
2G
¼ @
2f
@y2
þ 2m @
2f
@x2
þ z @
3f
@y2@z
 a2 þ e
4G
ðEzÞ2; ð38Þ
~rzz
2G
¼  @
2f
@z2
þ z @
3f
@z3
 a1 þ a2  e
4G
ðEzÞ2; ð39Þ
~rxy
2G
¼ ð1 2mÞ @
2f
@x@y
þ z @
3f
@x@y@z
; ð40Þ
~ryz
2G
¼ z @
3f
@y@z2
; ð41Þ
~rxz
2G
¼ z @
3f
@x@z2
: ð42Þ
Using Eqs. (22)2–(23) and combining with (36) and (39) result
in:
@2 f
@z2 ¼  12G rMzz



0 þ ða1þa2eÞ2 ðEzÞ
2
h i
; z ¼ 0; x2a2 þ y
2
b2
6 1
 
@f
@z ¼ 0; z ¼ 0; x
2
a2 þ y
2
b2
P 1
 
9>=
>;: ð43Þ
According to boundary condition (43), we can obtain the poten-
tial function f(x, y, z) and the normal component of stress ~rzz near
the crack edge. In order to preserve continuity of the formulation,
the mathematical details are outlined in Appendix A. Thus, the ﬁ-
nal result of the potential function f(x, y, z) and the stress ~rzz can
be calculated as:
f ¼ ab
2ðrMzz



0  rMzz



1Þ
8GEðkÞ
Z 1
n
x2
a2 þ r þ
y2
b2 þ r
þ z
2
r
 1
 
dsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
QðrÞp ;
ð44Þ
~rzz ¼
ðrMzz



1  rMzz



0Þ
EðkÞ
b
a
 1=2
ða2 sin2 kþ b2 cos2 kÞ1=4 1
ð2rÞ1=2
 ðrMzz



1  rMzz



0Þ 
a1 þ a2  e
2
ðEzÞ2; ð45Þ
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QðrÞ ¼ rða2 þ rÞðb2 þ rÞ; ð46Þ
EðkÞ ¼
Z p
2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 k
q
dk; k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b
2
a2
s
; ð47Þ
r is the radial distance measured from the crack edge and k is the
angle in the parametric equations of an ellipse.
It is seen from Eq. (45) that for a ﬂat elliptical crack, the stresses
have a traditional r1/2 singularity at the border of the crack. Thus,
the stress intensity factors can be deﬁned by:
KI ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
~rzzðx; y;0Þ: ð48Þ
Inserting (45) into (48) leads to:
KI ¼
ðrMzz



1  rMzz



0Þ
ﬃﬃﬃﬃﬃﬃ
pb
p
EðkÞ sin
2 kþ b
2
a2
cos2 k
 !1
4
: ð49Þ
Substituting Eqs. (20) and (21) into (49), we have:
KI ¼
e1  e
21
ec
 
ðE1z Þ2
2EðkÞ
ﬃﬃﬃﬃﬃﬃ
pb
p
sin2 kþ b
2
a2
cos2 k
 !1
4
: ð50Þ
According to Eq. (50), the maximum of the stress-intensity fac-
tor is at the two ends of the short axis by taking k ¼  p2:
K Imax ¼
ðe1  e
21
ec ÞðE
1
z Þ2
ﬃﬃﬃﬃﬃﬃ
pb
p
2EðkÞ : ð51Þ
Similarly, the minimum of the stress-intensity factor is at the
two ends of the long axis by taking u = 0 or p:
K Imin ¼
e1  e
21
ec
 
ðE1z Þ2
ﬃﬃﬃﬃﬃﬃ
pb
p
2EðkÞ
ﬃﬃﬃ
b
a
r
: ð52Þ3.3. Explicit solutions for a permeable line-crack and a penny-shaped
crack
3.3.1. Permeable line-crack
When the ﬂat elliptical crack becomes a permeable line-crack
situated along the y-axis, obtained by taking the limiting a?1,
as shown in Fig. 2, we have E(k) = 1. And thus at the short axis of
y = ±b, from Eq. (50) the stress-intensity factor can be written as:
KI ¼ 12 e1 
e21
ec
 
ðE1z Þ2
ﬃﬃﬃﬃﬃﬃ
pb
p
: ð53Þz
zE
∞
b− b y
Fig. 2. The plane problem of permeable line-crack.When the crack is ﬁlled with the same gas or liquid as the sur-
rounding space at inﬁnity, ec = e1, so from Eq. (53), we can obtain:
KI = 0, which is consistent with McMeeking’s results (McMeeking,
1989).
3.3.2. Penny-shaped crack
When the elliptical crack becomes penny-shaped crack ob-
tained by taking a = b, the expression of stress-intensity factor
can be rewritten, according to Eq. (50), as:
KI ¼ e1  e
2
1
ec
 
ðE1z Þ2
ﬃﬃﬃ
a
p
r
: ð54Þ4. Numerical results of stress-intensity factor for the ﬂat
elliptical crack
In the following numerical examples, we take PMN-PT as a
model material with dielectric constant of em ¼ 6:64 108 F=m
(Jiang and Kuang, 2007b) and assume a = 0.01 m.
4.1. The effect of crack size or different electric ﬁelds on stress-intensity
factor
In this case, the crack is assumed to be ﬁlled with some gas or
liquid with a dielectric constant: ec ¼ 109 F=m, and the solid is ex-
posed to air and subject to an electric ﬁeld E12 at inﬁnity as shown
in Fig. 1. It can be seen from Fig. 3 that the maximum of the stress-
intensity factor is at the two ends of the short axis and the mini-
mum of the stress-intensity factor is at the two ends of the long
axis, and it is also shown clearly that the stress concentration be-
comes more signiﬁcant as the crack becomes more slender along
the y-axis. Shown in Fig. 4 is the change of stress-intensity factor
under different electric load, and it is found that the stress-inten-
sity factor increases as the applied electric ﬁeld increases.
4.2. The effect of environment both inside the crack and outside the
solid on stress-intensity factor
Fig. 5 shows a crack under ﬁxed applied electric load, is ﬁlled
with some gas or liquid with a dielectric constant: ec ¼ 109 F=m
and the dielectric constant of the surrounding at inﬁnity (e1) is less
than that inside the crack (ec). Clearly, for a given electric load, the
stress intensity factor KI increases as the dielectric constant at
inﬁnity increases.0 1 2 3 4 5 6 7
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surrounding at inﬁnity is greater than that of the gas inside the
crack, that is, e1 > ec, and under the same applied electric load, it
can be seen from Fig. 6 that for a given electric load, KI also in-
creases as the dielectric constant inside the crack increases.
5. Conclusions
Using the assumption that the elastic strain of electrostrictive
materials is a higher-order small quantity, we analyze the 3D prob-
lem of an inﬁnite electrostrictive solid with a ﬂat-elliptical and
electrically-permeable crack by means of the displacement poten-
tial function. The general solutions are obtained, in explicit and
closed-forms, for the electric ﬁeld inside the crack and electro-elas-
tic potential in the solid which is subjected to a uniform remote
electric ﬁeld. Based on the stress near the rim of the ﬂat elliptical
crack, the stress-intensity factor is solved. In particular, we dis-
cussed penny-shaped crack and permeable line-crack as two spe-
cial cases of major interest. In addition, numerical results are
presented to discuss the effects of electric ﬁelds and dielectric con-
stants of the surrounding on fracture of electrostrictive solids. It is
found that: (1) in general, for a ﬂat elliptical crack, the total stress
may have a traditional r1/2 type singularity at the crack border un-
der pure electric loads, and the applied electric loads may enhance
or retard crack propagation, dependent on the Maxwell stresses on
the crack faces and at inﬁnity; (2) when the interior of the perme-
able crack is ﬁlled with the same medium as that at inﬁnity, the
Maxwell stress on the crack faces is equal but opposite to that on
the solid surface at inﬁnity, and as a result the applied electric ﬁeld
has no effects on crack growth.
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Appendix A
The evaluation of the unknown function f(x, y, z) is more expe-
dient by using the ellipsoidal coordinates (n, g, f). From Green and
Sneddon (1950), the coordinates (x, y, z) of any point may be
expressed in terms of a triply orthogonal system (n, g, f) in the
form
a2ða2  b2Þx2 ¼ ða2 þ nÞða2 þ gÞða2 þ fÞ
b2ðb2  a2Þy2 ¼ ðb2 þ nÞðb2 þ gÞðb2 þ fÞ
a2b2z2 ¼ ngf
9>=
>;; ðA1Þ
where n, g, and f are some roots x of the ellipsoidal equation
x2
a2 þxþ
y2
b2 þx
þ z
2
c2 þx 1 ¼
ðnxÞðgxÞðfxÞ
ða2 þxÞðb2 þxÞðc2 þxÞ
¼ 0
ðA2Þ
and
a2 6 f 6 b2 6 g 6 0 6 n <1:
On the plane of the crack z = 0, n = 0 corresponds to the points
(x, y) inside the ellipse x2=a2 þ y2=b2 6 1 and z = 0, g = 0 represents
the points outside the ellipse. Those points on the periphery of the
ellipse are identiﬁed by setting n = g = 0.
Thus, from Eq. (A1), we have:
n ¼ 0 : x
2
a2
þ y
2
b2
¼ 1 gf
a2b2
; z ¼ 0; ðA3Þ
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2
a2
þ y
2
b2
¼ 1 nf
a2b2
; z ¼ 0: ðA4Þ
An appropriate solution to the present problem is (Green and
Sneddon, 1950):
f ¼ A
2
Z 1
n
x2
a2 þ sþ
y2
b2 þ s
þ z
2
s
 1
 
dsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
QðsÞp ðA5Þ
where
QðsÞ ¼ sða2 þ sÞðb2 þ sÞ; s ¼ n;g; f ðA6Þ
and the constant A may be evaluated from the boundary condi-
tions (24) and (43).
On taking partial derivatives of f with respect to x, y, z, the fol-
lowing partial derivatives are needed (Green and Sneddon, 1950),
namely:
@n
@x
¼ x
2ða2 þ nÞh21
;
@n
@y
¼ y
2ðb2 þ nÞh21
;
@n
@z
¼ z
2nh21
; ðA7Þ
@g
@x
¼ x
2ða2 þ gÞh22
;
@g
@y
¼ y
2ðb2 þ gÞh22
;
@g
@z
¼ z
2gh22
; ðA8Þ
@f
@x
¼ x
2ða2 þ fÞh23
;
@f
@y
¼ y
2ðb2 þ fÞh23
;
@f
@z
¼ z
2fh23
ðA9Þ
in which
h21 ¼
ðn gÞðn fÞ
4QðnÞ ; h
2
2 ¼
ðg fÞðg nÞ
4QðgÞ ;h
2
3 ¼
ðf nÞðf gÞ
4QðfÞ :
ðA10Þ
Using Eq. (A2), the derivative of Eq. (A5) is:
@f
@z
¼ Az
Z 1
n
ds
s
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
QðsÞp : ðA11Þ
The integral in Eq. (A11) diverges when n = 0, so it is convenient
to express this integral in the alternative form:
@f
@z
¼ Az
Z 1
n
ða2 þ sÞðb2 þ sÞds
sða2 þ sÞðb2 þ sÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃQðsÞp
¼ Az 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
QðnÞp 
Z 1
n
ð2sþ a2 þ b2Þds
ða2 þ sÞðb2 þ sÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃQðsÞp
( )
ðA12Þ
For numerical calculations it is convenient to express some of
the integrals in terms of Jacobian elliptic functions by writing:
n ¼ a2cn2k=sn2k ¼ a2ðsn2k 1Þ; ðA13Þ
where snk is Jacobian elliptic function which has real and imag-
inary periods 4K, 2iK
0
respectively, corresponding to the modulus k
and complementary modulus k
0
, where
k2 ¼ 1 b
2
a2
; k02 ¼ b
2
a2
; ðA14Þ
Inserting Eq. (A13) into (A6) leads to:
QðnÞ ¼ a
2cn2k
sn2k
a2 þ a
2cn2k
sn2k
 
b2 þ a
2cn2k
sn2k
 
¼ a
2cn2k
sn2k
dn2k
b4
ðdn2k cn2kÞ2
; ðA15Þ
where dnk is Jacobian elliptic function,
sn2kþ cn2k ¼ k2sn2kþ dn2k ¼ 1; ðA16Þ
dn2k k2cn2k ¼ k02; ðA17ÞsnðkÞ ¼ snk; cnðkÞ ¼ cnk; dnðkÞ ¼ dnk; ðA18Þ
dðsnkÞ
dk
¼ cnkdnk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 sn2kÞð1 k2sn2kÞ
q
; ðA19Þ
dðcnkÞ
dk
¼ snkdnk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 cn2kÞðk02 þ k2cn2kÞ
q
; ðA20Þ
dðdnkÞ
dk
¼ k2snkcnk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðdn2k 1Þðk02  dn2kÞ
q
: ðA21Þ
Thus, Eq. (A15) can be rewritten as:
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
QðnÞp ¼
1
ab2
snkdnk
cnk
 snkcnk
dnk
 
: ðA22Þ
Similarly, we have:
Z 1
n
ð2sþa2þb2Þds
ða2þ sÞðb2þ sÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃQðsÞp ¼
2
ab2
Z k
0
dn2tdtþ
Z k
0
sn2t cn
2t
dn2t
 
dt
 
:
ðA23Þ
Substituting Eqs. (A22) and (A23) into (A12) gives:
@f
@z
¼ 2Az
ab2
snkdnk
cnk

Z k
0
dn2tdt
 
 2Az
ab2
snkcnk
dnk
þ
Z k
0
sn2t  cn
2t
dn2t
 
dt
 
; ðA24Þ
where
snkcnk
dnk
 0
¼ ðsnkcnkÞ
0dnk snkcnkðdnkÞ0
ðdnkÞ2
¼  sn2k cn
2k
dn2k
 
: ðA25Þ
Inserting Eq. (A25) into (A24) leads to:
@f
@z
¼ 2Az
ab2
snkdnk
cnk
 EðkÞ
 
; ðA26Þ
where EðkÞ is the elliptic integral of the second kind,
EðkÞ ¼
Z k
0
dn2tdt: ðA27Þ
In order to solve the constant A, differentiating Eq. (A26) with
respect to z with the help of (A7)–(A9) gives:
@2f
@z2
¼ A 2n
1=2½nða2b2  gfÞ  a2b2ðgþ fÞ  ða2 þ b2Þgf
a2b2ðn gÞðn fÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða2 þ nÞðb2 þ nÞ
q
8><
>:
 2
ab2
EðkÞ  snkcnk
dnk
 	
: ðA28Þ
When g = 0, i.e. z = 0, outside the ellipse, it can be veriﬁed from
Eqs. (23) and (36) that of/oz = 0. When n = 0, i.e. inside the ellipse,
k ¼ K; cnðKÞ ¼ 0, and from Eq. (A28) we have:
A ¼ ab
2
4GEðkÞ r
M
zz



0  rMzz



1
 h i
: ðA29Þ
Also, when n = 0,
z=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
QðnÞ
p
¼
ﬃﬃﬃﬃﬃ
gf
p
=ða2b2Þ;
Z 1
0
ð2sþ a2 þ b2Þds
ða2 þ sÞðb2 þ sÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃQðsÞp ¼ 0: ðA30Þ
Substituting Eq. (A30) into (A12) with the help of (36) and (A3)
leads to:
z A
n
t
θr
x
y
λ
a
b
0
Fig. 7. Polar coordinates at crack tip.
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@z





n¼0
¼ 4ð1 lÞAg
1=2f1=2
a2b2
¼ 4ð1 lÞA
ab
1 x
2
a2
 y
2
b2
 1=2
; ðA31Þ
which is the value of the normal displacement over all points of the
elliptical crack.
Also, the normal component of stress ~rzz on the plane z = 0 and
g = 0 (outside the ellipse) can be calculated as follows:
~rzz ¼
ðrMzz



1  rMzz



0Þ
EðkÞ
ab2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
QðnÞp  EðkÞ 
snkcnk
dnk
 	( )
 a1 þ a2  e
2
ðEzÞ2: ðA32Þ
Taking the limit n? 0, at the crack border, we have:
snkcnk
dnk
¼ 0; EðkÞ ¼ EðkÞ ¼
Z p
2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 k2 sin2 t
q
dt: ðA33Þ
In order to obtain the stress intensity factor, we need transform
the ellipsoidal coordinates (n, g, f) near the elliptical crack tip into
the polar coordinates (r, h). As shown in Fig. 7, assume P is an arbi-
trary point at ellipse, its coordinate can be written as:
x ¼ a cos k; y ¼ b sin k; ðA34Þ
where a, b are, respectively, the major and minor semiaxes of the el-
lipse, k is the angle in the parametric equations of an ellipse, t
stands for tangential direction, n is normal direction. The relation
between ellipsoidal coordinates (n, g, f) and polar coordinates
(r, h) has been offered in the references (Kassir and Sih, 1966,
1975) as
n ¼ 2abr
ða2 sin2 kþ b2 cos2 kÞ1=2
: ðA35Þ
Inserting Eqs. (A33) and (A35) into (A32) gives:
~rzz ¼
ðrMzz



1  rMzz



0Þ
EðkÞ
b
a
 1=2
ða2 sin2 kþ b2 cos2 kÞ1=4 1
ð2rÞ1=2
 ðrMzz



1  rMzz



0Þ 
a1 þ a2  e
2
ðEzÞ2: ðA36ÞReferences
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